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This paper is concerned with mathematical modeling and optimal motion designing of
ﬂexible mobile manipulators. The system is composed of a multiple ﬂexible links and ﬂex-
ible revolute joints manipulator mounted on a mobile platform. First, analyzing on kine-
matics and dynamics of the model is carried out then; open-loop optimal control
approach is presented for optimal motion designing of the system. The problem is known
to be complex since combined motion of the base and manipulator, non-holonomic con-
straint of the base and highly non-linear and complicated dynamic equations as a result
of the ﬂexible nature of both links and joints are taken into account. In the proposed
method, the generalized coordinates and additional kinematic constraints are selected in
such a way that the base motion coordination along the predeﬁned path is guaranteed
while the optimal motion trajectory of the end-effector is generated. This method by using
Pontryagin’s minimum principle and deriving the optimality conditions converts the opti-
mal control problem into a two point boundary value problem. A comparative assessment
of the dynamic model is validated through computer simulations, and then additional sim-
ulations are done for trajectory planning of a two-link ﬂexible mobile manipulator to dem-
onstrate effectiveness and capability of the proposed approach.
 2011 Elsevier Inc. All rights reserved.1. Introduction
Mobile manipulators have recently received considerable attention with wide range of applications mainly due to their
extended workspace and their ability to reach targets that are initially outside of the manipulator reach. A comprehensive
literature survey on mobile manipulator systems can be found in [1]. A host of issues related to mobile manipulators have
been studied in the past two decades. These include dynamic and static stability, force development and application, max-
imum payload determination, etc. [2–4]. However, a vast number of research publications that deal with the mobile manip-
ulators focus on techniques for trajectory planning of such robots.
Motion planning for mobile manipulators is concerned with obtaining open-loop or close-loop controls. It steers a plat-
form and its accompanying manipulator from an initial state to a ﬁnal one, without violating the non-holonomic constraints
[5]. In most studies of trajectory planning for mobile manipulators the end effector trajectory is predeﬁned and the optimal
motion planning of the base is targeted [6], or integrated motion planning of the base and the end effector is carried out [7].
However, because of designing limitation or environmental obstacle in majority of practical application of mobile manipu-
lators especially in repetitive applications, the platform must follow a speciﬁed pose trajectory. In this case designer must. All rights reserved.
(2904); fax: +98 21 77240488.
em).
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consumption, actuating torques, traveling time or bounding the velocity magnitudes. Applications for such systems abound
in mining, construction or in industrial factories. A wide applicable rang of such systems employs ﬂexible mobile manipu-
lators, which is our concern in this paper.
Mechanical ﬂexibilities can be classiﬁed into two categories: link ﬂexibility and joint ﬂexibility. Link ﬂexibility is a result
of applying lightweight structure in manipulator arms designed to increase the productivity by fast motion and to complete
a motion with small energy requirement. Mobile manipulators are usually ‘‘power on board’’ with limited energy, thus they
reasonably necessitate incorporating such light links to decrease the energy consumption in the same motion. However,
among different works that are carried out for mobile robotic arms, very few researches are dealt with the developing such
robots with ﬂexible links [8]. Finding the maximum payload for a ﬂexible mobile manipulator along the predeﬁne end-effec-
tor trajectory was addressed in [9]. Finite element method was used and the proper algorithm for payload maximization is
presented, then the validity of the method is investigated on a mobile ﬂexible link manipulator moving in only one direction.
In [10], linearized model of the link ﬂexibility was considered to determine dynamic load carrying capacity of ﬂexible mobile
manipulators using feedback linearization control approach. On the other hand, the joint ﬂexibility arises from elastic behav-
ior of the drive transmission systems such as transmission belts, gears and shafts. Despite of the fact that it has been deter-
mined experimentally that joint ﬂexibility exists in most manipulators, the review of the recent literature shows that limited
research has been reported on model that describes both link and joint ﬂexibility, particularly for mobile manipulators [11].
In [4,11] a computational algorithm for maximum load determination via linearizing the dynamic equation and constraints
is presented on the basis of Iterative Linear Programming (ILP) approach for ﬂexible mobile manipulators. But because of
some ILP approach’s difﬁculties, in these works the link ﬂexibility has not been considered either in the dynamic equations
or simulation procedure.
Optimal control problems can be solved with direct and indirect techniques. In the direct method at ﬁrst the control and
state variables are discretized and the optimal control problem is transcribed into a large, constrained and often sparse non-
linear programming problem, then, the resulting nonlinear programming problem is treated by standard algorithm like inte-
rior point methods [12]. Famous realizations of direct methods are direct shooting methods [13] or direct collocation
methods [14]. However, direct methods are not yield to exact results. They are exhaustively time consuming and quite inef-
ﬁcient due to the large number of parameters involved. Consequently, when the solution of highly complex problems such as
the structural analysis of optimal control problems in robotics is required, the indirect method is a more suitable candidate.
This method is widely used as an accurate and powerful tool in analyzing of the nonlinear systems. The indirect method is
characterized by a ‘‘ﬁrst optimize, then discretize’’ strategy. Hence, the problem of optimal control is ﬁrst transformed into a
piecewise deﬁned multipoint boundary value problem, which contains the full mathematical information about the respec-
tive optimal control problem. In the following step, this boundary value problem is discretized to achieve the numerical solu-
tion [15]. It is well known that this technique is conceptually fertile, and has given rise to far-reaching mathematical
developments in the wide ranges of optimal dynamic motion planning problems. For example, it is employed in the path
planning of ﬂexible link manipulators [16], for the actuated kinematic chains [17] and for a large multibody system [18].
A survey on this method is found in [19].
Accordingly, Korayem et al. have been proposed indirect solution of open-loop optimal control method as an efﬁcient ap-
proach for trajectory optimization of the ﬁxed ﬂexible link manipulators for a given two-end-point task in point-to-point
motion [20]. In this work, despite ILP based studies, boundary conditions are satisﬁed exactly, in addition the complete form
of the obtained nonlinear equation is used. Consequently, unlike the ILP method [4,10,11] to solve the problem, linearizing
equations is not required. However, they only dealt with the issue of the ﬂexibility in links on the ﬁxed manipulators and the
unavoidable matter of joint ﬂexibility is neglected in their research. Hence there were a need to re-investigate the compre-
hensive modeling and simulation of mobile manipulators to incorporate the effect of mechanical ﬂexibilities in both links
and joints.
In this paper, by applying the optimal control method, path planning of the mobile ﬂexible links/joints manipulator is
investigated based on Pontryagin’s minimum principle. There are some aspects in this problem which make it so difﬁcult
and complex; the dynamic model contains the exceedingly nonlinear terms that are arose from combination of ﬂexible nat-
ures of both links and joints. Furthermore, the dynamics of the base must be imposed to the model. It is quite complex, espe-
cially when the non-holonomic constraint of the base as well as combined motion of the base and the manipulator is taken
into account. Intricacy of this problem may increase drastically when optimization technique is implemented by involving
the costate variable and control constraints. Using Pontryagin’s minimum principle as a solution technique allows the above
problem to be expanded in quite tractable form for numerical solving purpose. By these techniques, the whole nonlinear
states and control constraints are treated without any simpliﬁcations; hence the modeling of the complete optimal control
problem and the accompanying boundary value problem is automated to a great extent.
The balance of the remaining of the paper is organized as follows. Section 2 provides background information about kine-
matic and dynamic analysis of the ﬂexible mobile robotic manipulators. Section 3 consists of a brief review of converting the
problem from optimal control to optimization procedure by implementing of Pontryagin’s minimum principle. An applica-
tion example with the two links ﬂexible mobile manipulator, deﬁning of the optimal control problem is detailed in Section 4.
Simulations are carried out and results are discussed in Section 5. Finally, the concluding remarks with a brief summary of
the paper presented in the last section.
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2.1. Background
A mobile manipulator consisting of differentially driven vehicle with multiple ﬂexible links and ﬂexible revolute joints is
expressed in this section (Fig. 1). The links are cascaded in a serial fashion and are actuated by rotors and hubs with indi-
vidual motors. The ﬂexible joints are dynamically simpliﬁed as a linear torsional springs that works as a connector between
the rotors and the links. A concentrated payload of mass mp is connected to the distal link.
The following assumptions are made for development of a dynamic model of the system.
 Each link is assumed to be long and slender.
 The motion of each link and its deformation is supposed to be in the horizontal plane.
 The deformation due to the gravity effects is neglected.
 Links are considered to have constant cross-sectional area and uniform material properties.
 All joints are ﬂexible, revolute, and actuated by electrical drives.
 The inertia of payload is neglected.
 The backlash in the reduction gear and coulomb friction effects are neglected.
 It is assumed that the mobile base does not slide.
2.2. Mathematical dynamic modeling
The generalized coordinates of the ﬂexible links-joints mobile manipulator consist of four parts:
 The generalized coordinates of the rigid body motion of links: ~qr ¼ ðq1; q2; . . . ; qnÞT , where n is the number of links.
 The generalized coordinates deﬁning the mobile base motion:~qb ¼ ðqb1; qb2; . . . ; qbnb Þ
T , where nb is the total base degrees
of freedom.
 The generalized coordinates that related to the ﬂexibility of the links:~qf ¼ ðq11; q12; . . . ; q1nf ; q21; . . . ; q2nf ; . . . ; qn1; . . . ; qnnf Þ
T ,
where nf is number of mode shape for each link. The total number ﬂexibility modes is n  nf; however, it is common in
modeling of ﬂexible manipulators to employ only one or two ﬁrst modes in the dynamic modeling of robots.
 The generalized coordinates regarding to the joint ﬂexibility ~qm ¼ ðqnþ1; qnþ2; . . . ; q2nÞT .
In the presenting study, by deﬁning s = n + nb + nnf, the overall generalized coordinate of the system is arranged as
Q ¼ ½QT1 qTm
 T , where Q1 e Rs.
The notion of redundancy expresses that the number of generalized coordinates (v) is strictly greater than the end effector
degree of freedom (d). Thus, the mechanical system is redundant if d < v; and the order of redundancy is vd. Hence, it is
comprehensible that in most mobile manipulator systems v = n + nb is greater than the end effector degree of freedom in
the work space (d). Accordingly, these systems usually are subjected to some non-integrable kinematic constraints known
as non-holonomic constraints.
To model the ﬂexible joint manipulators, actuator positions must be considered because in contradiction to rigid robots
these are related to the link positions through the dynamics of the ﬂexible elements. The dynamic model of a ﬂexible joint
robot can be obtained by extending the procedures already used for rigid robots [21]. By considering a ﬂexible joint robot,
with n rigid links, qm e Rn can be the rotor positions and the difference qir  qim is the ith joint deformation. In view of smallFig. 1. A schematic view of a multiple ﬂexible links–joints mobile manipulator.
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Lagrangian approach set of equation of motion comprising the mobile base manipulators with both ﬂexible link and ﬂexible
joint can be obtained in compact form as:Mbr;brðQ1Þ Mbr;f ðQ1Þ
Mbr;f ðQ1Þ Mf ;f ðQ1Þ
 
€qbr
€qf
 
þ HbrðQ1; _Q1ÞHf ðQ1; _Q1Þ
h i
¼ 0
0
 
;
J€qm þ Kðqm  qrÞ ¼ U;
ð1Þwhere M is the inertia matrix, H is the vector of Coriolis and centrifugal forces in addition to the gravity effects vector. Also,
K = diag[k1,k2, . . . ,kn] is a diagonal matrix of the restoring force constant models the joint elasticity, J = diag[J1, J2, . . . , Jn] is the
diagonal matrix representing the motor inertia and U = diag[u1,u2, . . . ,un] is the generalized force vector inserted by the
actuators.
3. Deﬁning the optimal control problem
This section identiﬁes the basic content of the optimization problem in order to use in path optimization procedure.
3.1. General class of control problems
In summary the optimal control approach which uses for optimization problem has basic statements as follows:
(1) Finding a state vector X and control input U, during the overall time tf, where the state equation describing the
dynamic evolution of the system over this time interval is speciﬁed as:_X ¼ f ðX;U; tÞ: ð2Þ
(2) Minimizing a performance criterionJ ¼
Z tf
t0
LðX;U; tÞdt: ð3ÞThis can combine, for instance, energy consumption, actuating torques, traveling time or bounding the velocity magnitude or
maximizing the payload. By deﬁning U as a set of admissible control torque over the time interval, the imposed bound of
torque for each motor can be expressed as:U ¼ fU 6 U 6 Uþg: ð4Þ
The optimization problem is completed by the boundary conditionsXðt0Þ ¼ X0; Xðtf Þ ¼ Xf ð5Þ
which represent the characteristics of each joint at initial and ﬁnal time.
3.2. Brief outline of optimization problem
By implementing Pontryagin’s minimum principle for solving optimization problems, the necessary conditions for opti-
mality are obtained as stated by Kirck [22], on the basis of variational calculus. The Hamiltonian function is deﬁned as:HðX;U;Y; tÞ ¼ YTf ðX;U; tÞ þ LðX;U; tÞ: ð6Þ
For verifying the costate vector-equation (or adjoint system), costate time vector-function Y(t) is deﬁned as:_YT ¼ @H=@X: ð7Þ
Now, the minimality conditions for the Hamiltonian are calculated as:@H=@U ¼ 0;
_X ¼ @H=@Y :
(
ð8ÞSolving Eqs. (7) and (8) leads to transform the problem of optimal control into a non-linear two-point boundary value prob-
lem. Hence, the important task is to be achieving the explicit formulation of conditions (2), (7), and (8). Noticeably, these
calculations need to compute the Jacobian matrices that require handling huge amounts of arithmetic operations when cop-
ing with complex dynamical systems. The fulﬁllment of such requirements with remaining all nonlinear state and control
constraints is the main advantage of the presenting research study. There exist some numerical techniques for solving such
problems, a number of which have been reported in associated literature such as those by Kirck [22].
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4.1. Background
In this section, after a brief review on deriving the equation of motion for rigid and ﬂexible robotic manipulators, devel-
oping the equation of motions for a two-link ﬂexible mobile manipulator is carried out along with the implementing of open
loop optimal control solution on the case study.
A conventional explanation of the dynamics for a two- link robot manipulator with rigid links can be derived in terms of
kinetic and potential energies stored in the system by the Euler–Lagrange formulation. In addition, to enable analysis in ﬂex-
ible robot manipulators, the robot model must capture the nonlinear ﬂexible dynamics of the robot. There are three main
methods for analyzing and modeling the ﬂexible manipulators: assumed modes, ﬁnite elements and lumped parameter.
In the lumped parameter model, which is the simplest technique for analyzing purpose, the manipulator is modeled as
spring and mass system, which does often not yield sufﬁciently accurate results [23]. In ﬁnite element method, the elastic
deformations are analyzed by assuming a known rigid body motion and later superposing the elastic deformation with the
rigid body motion [24]. However, use of the ﬁnite element model to approximate ﬂexibility usually gives rise to an overes-
timated stiffness matrix. Also, because of the large number of state-space equations, the numerical simulation time may be
exhausting for the ﬁnite element models [16].
In assumed mode model formulation, the link ﬂexibility is usually represented by a truncated ﬁnite modal series in terms
of spatial mode eigen functions and time-varying mode amplitudes [20]. According to assumed mode method an approxi-
mate deformation of any continuous elastic beam subjected to transverse vibrations, can be expressed as a superposition
of mode-shape functions and time dependent modal displacements:v iðxi; tÞ ¼
Xn
i¼1
/iðxÞeiðtÞ; ð9Þwhere /i(x) and ei(t), respectively, denote the assumed mode shape function and modal displacement for the speciﬁc beam
boundary conditions. From general beam vibration theories, mode shape functions with clamped-free boundary conditions
are given byuiðxiÞ ¼ sinðBi  xiÞ sinhðBi  xiÞ þ AiðcosðBi  xiÞ coshðBi  xiÞÞ;whereAi ¼ cosðBi  LiÞ þ coshðBi  LiÞsinðBi  LiÞ sinhðBi  LiÞ ; ð10ÞandBi  Li : 1:87 4:69 7:85 10:99:
Similarly, these theories determine pinned–pinned mode shapes as:uiðxiÞ ¼ Ai sinðBi  xiÞ;
Ai ¼ coshðBi  LiÞcosðBi  LiÞ ; and
Bi  Li : 3:14 6:28 9:42 12:56:
ð11ÞChoosing the appropriate set of assumed modes as a boundary condition may be quite valuable for robot to ﬁt in a suitable
application. Ideally, the optimum set of assumed modes is that closest to natural modes of the system. Natural modes de-
pend on several factors within the robotic system ensemble including size of hub inertia and size of payload mass. The ulti-
mate choice requires an assessment based on the actual robot structure and anticipated range of payloads together with its
natural modes. The use of ﬂexible robotic manipulators with both clamped–pinned and pinned–pinned modes and compar-
ing them with the rigid ones in this paper properly shows the dynamic behavior of such robots under different conditions.
4.2. Developing the equations of motion for two-link ﬂexible mobile manipulator
In this section dynamic analyzing of a system consists of a two ﬂexible links–joints manipulator mounted on top of the
platform as depicted in Fig. 2 is studied. First, a mobile manipulator with two ﬂexible links is considered to derive the dy-
namic equations, and then by applying the joint ﬂexibility the model is developed for the ﬂexible links–joints mobile
manipulator.
Using the generalized modeling scheme described in Section 2 and applying the symbols deﬁned in Fig. 2, equations of
motion of a mobile manipulator with two ﬂexible links are derived in this section. For deriving the dynamic equations, the
total energy associated with the system must be computed to determine the Lagrangian function. The total kinetic energy of
the system is given by
Fig. 2. Two links mobile manipulator with ﬂexible links and joints.
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The kinetic energy of ﬂexible links and ﬂexible joints can be found asTL ¼
X2
i¼1
1
2
qi
Z Li
0
_rTi ðxiÞ _riðxiÞdxi;
TJ ¼
X2
i¼1
1
2
ji _h
2
2þi;
ð13Þwhere ri is the position vector that describes an arbitrary point along the ith deﬂected link with respect to the global co-ordi-
nate frame and qi is the mass per unit length for the ith link.
By deﬁning rb and rm as position vectors of the base and the payload respectively, the associated kinetic energies are ob-
tained as:TM ¼ 12mp _r
2
m;
TB ¼ 12mb _r
2
b þ
1
2
Ib _x2b ;
ð14Þwhere Ib and _xb are the moment of inertia and the angular velocity of base, respectively. Note that the moment of inertia of
the end effector has been neglected. Next, the potential energy associated with the ﬂexibility of the links due to the link
deformation is obtained as:UL ¼
X2
i¼1
1
2
Z Li
0
ðEIÞi
d2v i
dx2i
 !
dxi; ð15Þwhere (EI)i is the ﬂexural rigidity of the ith link and vi(xi, t) (Eq. (9)) is the bending deﬂection of the ith link at a point
xi ð0 6 xi 6 liÞ. The potential energy due to the gravity force in the global coordinate systems x0y0z0 is obtained as:Ug ¼
X2
i¼1
Z Li
0
qigzidxi; ð16Þin which zi is the height of element ith from the plane x0y0. Adding this energy to those obtained in Eq. (15) the total potential
energy of the system is obtained as U = UL + Ug. Finally, by constructing the Lagrangian as L = T U and using the Lagrangian
equation, the equations of motion for two-link ﬂexible mobile manipulator can be obtained. Hence, the overall generalized
co-ordinate vector of the system can be written as: q ¼ ½ qb qr qf  ¼ ½ xf yf h0 h1 h2 e1 e2 , where qb ¼ ½ xf yf h0 
is the base generalized coordinates vector, qr ¼ ½ h1 h2  is the link angles vector and qf ¼ ½ e1 e2  is the vector of link modal
displacements.
The operational coordinated of the end effector in the world reference frame can be chosen as E½ xe ye ; therefore the end
effector degrees of freedom in the Cartesian coordinate system will be d = 2. The rigid system degree of freedom is equal to
v = 5. Hence the system has redundancy of order r = v  d = 3. Accordingly, the system needs three additional kinematical
constraints for resolving the redundancy problem and guarantees soft and well-organized movement. Note that the addi-
tional coordinates of modal displacement due to ﬂexible nature of links (e1 and e2) are not contribute in the redundancy
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tion normal to the axis of the driving wheels:_xf sinðh0Þ  _yf cosðh0Þ þ L0 _h0 ¼ 0: ð17Þ
Hence, the number of kinematical constraints which must be applied to the system for redundancy resolution is decreases to
two constraints. In this case, with the previously speciﬁcation of base trajectory during the motion, the user-speciﬁed addi-
tional constraints can be considered as the base position coordinates at point F(xf,yf), which gives xf = X1z and yf = X2z. X1z and
X2z are functions in terms of time which by differentiating them with respect to time, _xf ; _yf ; €xf and €yf can also be obtained.
Hence, ﬁfth order polynomial function is considered for the base trajectory along a straight-line path from (xf(0),yf(0)) to
(xf(tf),yf(tf)) during the overall time tf. Velocity at start and stop time is considered to be zero. According from the base mo-
tion, _xf and _yf are known, therefore if the base angle at initial time h0(0) be speciﬁed, angular position and angular velocity of
the base ðh0ðtÞ; _h0ðtÞÞ; can be determined by solving non-holonomic constraint equation. Note that, the initial base angle is
considered to be zero, h0(0) = 0.
Now using extended Jacobian matrix concept borrowed from [25,26], the system can be decomposed into redundant and
non-redundant part. By considering the ﬂexible link manipulators instead of the rigid ones, their related generalized coor-
dinates, qf, are added to the system; therefore, the overall decomposed generalized coordinate vector of system obtain as
q ¼ ½ qr qnrf T , where qr is the redundant generalized coordinate vector determined by applying constraints and qnr is the
non-redundant generalized coordinate vector. qnrf is the combination vector of qnr and qf. The system dynamics can also
be decomposed into two parts: one is corresponding to redundant set of variables, qr and the remained set of them, qnrf. That
isMr;r Mr;nrf
Mr;nrf Mnrf ;nrf
 
€qr
€qnrf
 
þ Hr
Hnrf
 
¼ Ur
Unrf
 
: ð18ÞNow, adding the actuator positions and their dynamic equations, the set of dynamic equations for the ﬂexible link/joint mo-
bile manipulator is rearranged using Eq. (1) as:Mr;r Mr;nrf
Mr;nrf Mnrf ;nrf
" #
€qr
€qnrf
" #
þ
Hr
Hnrf
" #
þ
Kðqr  qnÞ
0
" #
¼
0
0
" #
;
J€qm þ Kðqm  qrÞ ¼ U:
ð19ÞNow, departing the redundant part of Eq. (19), leads to obtain the required equations for the trajectory optimization
procedure.
4.3. Stating an optimal control solution
Optimal control approach provides an excellent tool to calculate optimal trajectory with high accuracy for robotic sys-
tems. Let the trajectory generation problem be deﬁned here as determining a feasible speciﬁcation of motion which will
cause the robot to move from a given initial posture (state) to a given ﬁnal posture (state) while minimize a performance
criterion such as integral quadratic norm of actuating torques or velocities, which leads to minimize energy consumption
or bounding the velocity magnitude. For this reason, the state vectors can be deﬁned as:X1 ¼
h1ðtÞ
h2ðtÞ
" #
¼
x1ðtÞ
x3ðtÞ
" #
; X2 ¼
_h1ðtÞ
_h2ðtÞ
" #
¼
x2ðtÞ
x4ðtÞ
" #
; X3 ¼
e1ðtÞ
e2ðtÞ
" #
¼
x5ðtÞ
x7ðtÞ
" #
; X4 ¼
_e1ðtÞ
_e2ðtÞ
" #
¼
x6ðtÞ
x8ðtÞ
" #
X5 ¼
h3ðtÞ
h4ðtÞ
" #
¼
x9ðtÞ
x11ðtÞ
" #
; X6 ¼
_h3ðtÞ
_h4ðtÞ
" #
¼
x10ðtÞ
x12ðtÞ
" #
;
ð20Þwhere h1 and h2 are angular positions of links, e1 and e2 are links modal displacements, and h3 and h4 are angular positions of
motors. The boundary condition can be expressed as:x1ð0Þ ¼ x9ð0Þ ¼ x10; x3ð0Þ ¼ x11ð0Þ ¼ X30;
x1ðf Þ ¼ x9ðf Þ ¼ X1f ; x3ðf Þ ¼ x11ðf Þ ¼ X3f :
ð21ÞOther boundary conditions are assumed to be zero. By deﬁning Z44 ¼ M144 and I22 ¼ J122 Eq. (19) for a two link ﬂexible
joints/links mobile manipulator can be rewritten in the compact form as:€q1 ¼ ZðKðq21  q11Þ  HÞ ¼ F1;
€q2 ¼ IðU  Kðq22  q12ÞÞ ¼ F2;
ð22Þwhere considering Eqs. (19) and (20), q1 ¼ ½qTr ; qTf T , q2 = qm, q21 ¼ ð x1 x3 0 0 Þ, q11 ¼ ð x9 x11 0 0 Þ, q22 ¼ ð x1 x3 Þ,
q12 ¼ ð x9 x11 Þ, and U ¼ ðu1 u2 Þ. Remember that in this simulation the gravity effect is assumed to be zero. Hence, by
deﬁning the vector F as: F ¼ ½ F1 F2  ¼ ½ f1 f2 f3 f4 f5 f6  the set of state space equations of system can be written as:
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_x2i ¼ fi; i ¼ 1 . . .6:
ð23ÞIn order to derive the equations associated with optimality conditions, penalty matrices can be selected as follows:W ¼ diagðw1;w2;w3;w4;w5;w6Þ;
R ¼ diagðr1; r2Þ:
ð24ÞAn important remark must be done here is that the study is planned a trajectory in the joint space rather than in the oper-
ating space. It means the control system acts on the manipulator joints rather than on the end effector. Trajectory planning in
the joint space would allow avoiding the problems arising with kinematic singularities and manipulator redundancy. More-
over, it would be easier to adjust the trajectory according to the design requirements if working in the joint space. By con-
trolling manipulator joints can achieve the best dynamic coordination of joint motions, while minimizing the actuating
inputs together with bounding the velocity magnitudes. It causes to ensure soft and efﬁcient functioning while improving
the manipulator working performances. For this reason, the objective function is formed as:L ¼ 1
2
r1u21 þ r2u22 þ
X6
i¼1
wix22i
 !
: ð25ÞSubsequently, using Eqs. (6) and (25) along with deﬁning the auxiliary costate vector as: Y ¼ ½ y1 y2    y12  ¼
½ x13 x14    x24  results to the Hamiltonian function as:H ¼ 1
2
r1u21 þ r2u22 þ
X6
i¼1
wix22i
 !
þ
X12
i¼1
x12þi _xi: ð26ÞConsequently, by differentiating the Hamiltonian function with respect to states using Eq. (7), the costate equations are ob-
tained as follow_yi ¼  @H
@xi
; i ¼ 1; . . . ;12: ð27ÞAlso, differentiating the Hamiltonian with respect to control and setting the derivative equal to zero, yields the following
control equations:@H
@u1
¼ r1u1 þ x23=J1 ¼ 0;
@H
@u1
¼ r2u2 þ x24=J2 ¼ 0; ð28Þwhere by solving them, the expression for control values in the admissible interval, ui < ui < u
þ
i ; i ¼ 1 and 2 can be ob-
tained as follow:u1 ¼ x23=ðr1J1Þ; u2 ¼ x24=ðr2J2Þ: ð29Þ
Then, by considering the constraint on control input, the optimal control can be expressed as follows:u1 ¼
uþ1 x23=ðr1J1ÞP uþ1 ;
x23=ðr1J1Þ otherwise;
u1 x23=ðr1J1Þ 6 u1 ;
8><
>:
u2 ¼
uþ2 x24=ðr2J2ÞP uþ2 ;
x24=ðr2J2Þ otherwise;
u2 x24=ðr2J2Þ 6 u2 :
8><
>:
ð30ÞThe actuators which are commonly used for medium and small size manipulators are the permanent magnet DC motor. The
limits of control for such motors can be obtained as the following linear equation [27]:uþ1 ¼ s1  S1x11; u1 ¼ s1  S1x11;
uþ2 ¼ s2  S2x12; u2 ¼ s2  S2x12;
ð31Þwhere Si = (si/xmi), si and xmi are the stall torque and maximum no-load speed of ith motor, respectively.
Finally, 24 nonlinear ordinary differential equations are obtained by substituting Eq. (31) into Eqs. (27) and (23), which
with 24 boundary conditions given in Eq. (21) construct a two point boundary value problem (TPBVP). In this study, BVP4C
command in MATLAB which is based on the collocation method is used to solve the obtained problem. The details of this
numerical technique are given in [28].
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5.1. Background
This section is consisted of ﬁve simulations. In the two ﬁrst cases, simulations are performed to validate the obtained dy-
namic equations of the model. First, dynamic validation is done along with the comparing of clamped-free boundary condi-
tions with pinned–pinned and rigid links. Then, investigation on the effect of the joint ﬂexibility on the response of model
will be carried out. Other simulations are performed for trajectory planning of the system using the indirect solution of open-
loop optimal control method. Hence, at ﬁrst, trajectory planning is performed for generating the minimum vibration trajec-
tory; then simulation is dealt with for designing of the minimum effort path; the effect of joint stiffness in performance char-
acteristics of the robot is investigated in the last case.5.2. Veriﬁcation of dynamic equations
In order to initially check the validity of the model, the response of the system in the case of harmonic motion of a ﬂexible
manipulator hanging freely under gravity effect is studied in the ﬁrst case. On other words, this simulation study is per-
formed to investigate the response of the nonlinear model of ﬂexible robotic arms without a payload at the tip. Hence, by
considering the ﬂexible link robotic arms with both clamped-free and pinned–pinned boundary conditions and comparing
them with the rigid links, the oscillatory behavior of the system is illustrated properly. It is clearly observed that the results
are in a good agreement with the similar case done in [29]. After that by adding the effect of ﬂexibility in joints in another
simulation, the signiﬁcantly affects of the joint ﬂexibility in the link vibrations is displayed.
The physical parameters of the model used in these simulation studies were L1 = L2 = 1 m, I1 = I2 = 5  109 m4, m1 =m2 =
5 kg and E1 = E2 = 2  1011 N/m2. These parameters are taken from [29]. In this system, the normal equilibrium position was
that where each link was hanging freely under gravity with no torques applied at the joints. Open loop system response of
changing the initial condition of the relative angle between the ﬁrst and second link of this system (h2) to the deviation of 5
is studied in this simulation (Fig. 3). The responses of the manipulator are presented in Figs. 4 and 5. Figures show the dif-
ferences between rigid and ﬂexible robotic arms also between the pinned–pinned and clamped-free boundary condition.
Fig. 4(a) and (b) are shown the angular positions and Fig. 4(c) and (d) are shown the angular velocities of joints.
It is clearly observed from ﬁgures that, due to the ﬂexibility, the elastic links exhibit more oscillatory behavior than rigid
links. In addition, this oscillatory behavior is depended on assumed boundary conditions. The corresponding amplitudes of
modes of vibrations for both links are shown in Fig. 5. It is clear that link ﬂexibility signiﬁcantly affects the link vibrations. InFig. 3. Initial robot conﬁguration.
Fig. 4. Responses of the manipulator: (a) angular position of joint 1; (b) angular position of joint 2; (c) angular velocity of joint 1; and (d) angular velocity of
joint 2.
Fig. 5. Amplitudes of vibration’s modes: (a) link 1 and (b) link 2.
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good agreement between the obtained results in this study and those presented in [29].
Another simulation is performed to investigate the effect of joint ﬂexibility on the response of the model by adding the
elasticity of each joint as a linear torsional spring. The case study as shown in Fig. 3 with clamped-free boundary condition is
modeled for that issue. Simulation is done at the overall time 5 s with the following parameter values of joints:
k1 = k2 = 1000 N m and J1 = J2 = 2 kg m2.
As shown in Fig. 6 the joint ﬂexibility has the considerable consequence on the robot behavior. Also, it is obvious that link
parameters have signiﬁcant deviations from rotor’s one. Furthermore, it is evident that the oscillatory behaviors are ap-
peared in links more than rotor.Fig. 6. Effect of joint ﬂexibility in (a) position and (b) velocity of joints.
Table 1
System parameters.
Parameter Value Unit
Length of links L1 = L2 = 0.5 m
Mass m1 =m2 = 3 kg
Moment of area (link) I1 = I2 = 2e10 m4
Module of elasticity (link) E1 = E2 = 2e10 kg m2
Payload mass mp = 1 kg
Max. no load speed xs1 =xs2 = 3.5 rad/s
Actuator stall torque ss1 = ss2 = 25 N m
Moment of inertia (motor) J = 2 kg m2
Fig. 7. Optimal motion generating performance: (a) End effector trajectory in XY plane; (b) robot conﬁguration; (c) angular positions of joints; (d) angular
velocities of joints; (e) torque of motors; and (f) mode shapes case (2).
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In this section, simulation studies are carried out to ﬁnd the point to point optimal trajectory of the payload carried from
an initial to ﬁnal points during the overall time tf = 2s. In these simulations for predeﬁning the base trajectory, a ﬁfth ordercase1(min effort)
case2
case3
case4
Upper Bound
Lower Bound
case1(min effort)
case2
case3
case4
Upper Bound
Lower Bound
Fig. 7 (continued)
Table 2
The values of W used in simulation.
Case 1 (Min. effort) 2 3 4
W 0 1 10 1000
Table 3
The values of K used in simulation.
Case 1 2 3
K Diag(500) Diag(2000) Rigid joints
3242 M.H. Korayem et al. / Applied Mathematical Modelling 36 (2012) 3229–3244polynomial function is considered for the base along a straight-line path from (1,1) to (2,1.5) during the simulations. The
system motion is supposed to be in the horizontal plane, hence the potential energy aroused from the gravity effect is con-
sidered to be zero. Also, for using the bvp4c command in MATLAB all initial guesses for angular positions and velocities areK = 500
K = 2000
Rigid Joints
Upper Bound
Lower Bound
K = 500
K = 2000
Rigid Joints
Upper Bound
Lower Bound
K = 500
K=2000
Rigid Joints
K = 500
K = 2000
Rigid joints
Link
Motor
Link
Motor
Fig. 8. Response of robot to different joints stiffness: (a) joint velocities; (b) computed torques; and (c) comparing of link and motor velocities.
M.H. Korayem et al. / Applied Mathematical Modelling 36 (2012) 3229–3244 3243considered to be zero and the uniform time mesh with 60 points ti 2 b0;2c; i ¼ 1; . . . ;60 is employed in simulations. Further-
more, pined–pined boundary condition is employed for deriving the dynamic equations of ﬂexible links. Velocity at start and
stop time is considered to be zero. Links and joints positions at the start and ﬁnish points are assumed to be:x1ð0Þ ¼ x9ð0Þ ¼ 90; x3ð0Þ ¼ x11ð0Þ ¼ 120;
x1ðf Þ ¼ x9ðf Þ ¼ 30; x3ðf Þ ¼ x11ðf Þ ¼ 30;
ð32ÞOther boundary conditions are assumed to be zero. Necessary parameters are summarized in Table 1.
5.3.1. Minimum effort-speed trajectory
In this simulation for generating the optimal path, it is targeted to the smallest amount of control value be exerted to the
system while the maximum magnitude of velocities is not be exceeded from the rational value. In order to generating the
minimum effort trajectory, according to Eq. (24) the penalty matrices are considered to be R = diag(0.01) and W = diag(0).
The results of this simulation are illustrated in Fig. 7. Note that W is assumed to be zero, so the actuating torques are re-
mained as a lonely factors that impress on the objective function in Eq. (25). Consequently, in this study, the magnitudes
of the motor velocities are not being important, while they might exceed the allowable maximum speeds. Fig. 7(d) is justiﬁed
this issue. But in practical application of robots the maximum velocities of joints must bounding in a deﬁned value and
increasing the velocities over than this value may be damaged the system. Hence, in this study reducing the obtained veloc-
ities is considered. Therefore for decreasing the joint velocities, at cost functional deﬁned in Eq. (25) the penalty matrix cor-
responding to them (W) must be increased. A range of values of W = (w, w, 0, 0, w, w) used in the simulation are given in
Table 2. Note that in the following simulations. R remains without changes and ki is considered to be 1000 N/m.
End effector trajectories in the XY plane are shown in Fig. 7(a). Also, robot conﬁguration during this simulation at case (2)
is depicted in Fig. 7(b). Fig. 7(c) shows the angular position of joints with respect to time. As shown in this ﬁgure by increas-
ing W the angular positions change to approach approximately to a straight line. The angular velocities of joints are pre-
sented in Fig. 7(d). This ﬁgure shows the maximum values of angular velocities are reduced via growing the W. As shown
in this ﬁgure, in the ﬁrst case study (minimum effort) the velocity magnitude is exceeded to 2 rad/s but increasing the W
is caused bounding this plot at ±1 rad/s in the two last cases. The computed torques is plotted in Fig. 7(e). These results show
clearly the ability of the solving numerical process to saturate bounding constraints such as (30) and (31). It can be found, for
the trajectory with grater value of W, the oscillation amplitudes in velocity curves have been reduced considerably, but the
magnitude of motor torques have been increased. Moreover, it is clearly observed that smaller speed amount path is smooth-
er than the path with more speed with the smaller amount of effort; it means that for achieving a smoother path, more effort
must be applied. Finally, for showing the ﬂexible nature of the system, mode shapes at case (2) are plotted in Fig. 7(f). As
shown in ﬁgures increasing the W causes to raise the torques curves while it makes falling the ultimate bounding of veloc-
ities; this effect is happen because of decreasing the proportion of weighting matrix R as a result of increasing the W, makes
to increase the control values. Consequently, the optimal path with lower effort with greater velocity and the optimal path
with greater effort with lower velocity are obtained using this method; accordingly there is not a unique solution that sat-
isﬁes all the desired objectives simultaneously. Therefore, in this method, designer is able to choose the most appropriate
path among various optimal paths by considering the proper penalty matrices.
5.3.2. Different joint stiffness trajectory
In this section, the effect of joint stiffness in performance characteristics of the robot is investigated. Penalty matrices are
considered to be: W = diag(1) and R = diag(0.01). The values of K using in the simulation are given in Table 3. All simulation
parameters are at the same as parameters used in the previous section.
Angular velocities of joints are presented in Fig. 8(a). It is observed that, increasing the joint stiffness caused the reducing
oscillatory behavior of the system. Also, it is evident that increasing the elasticity in joints enlarges bounds of velocity. The
computed torques are plotted in Fig. 8(b). It shows changing the joint stiffness is changed the torque curves; in the way that
decreasing the stiffness of joints caused to increase the torques of motors. The angular velocities of links and motors in the
case 1 are given in Fig. 8(c). It shows that both the link angular velocities have deviations from their respective rotor veloc-
ities. Thus, it is clear that joint ﬂexibility signiﬁcantly affects the link vibrations. Hence, it must be considered in the actual
applications.
6. Conclusions
Path planning of ﬂexible mobile manipulators supporting the execution of full nonlinear robot model based on open-loop
optimal control approach has been presented. In this paper that the ﬁrst research which deals with trajectory planning of the
ﬂexible link-joint mobile manipulators a generalized modeling framework of such robots has been described to obtain the
dynamic equations of motion. Using Euler–Lagrange principle and assumedmodes discretisation technique the clamped-free
and pinned–pinned boundary conditions have been described to allow the speciﬁcation of oscillatory behavior of mobile ro-
botic manipulators. The model equations have been veriﬁed for a two-link manipulator, and the model responses have been
discussed. Then, indirect solution of open loop optimal control problem is proposed to optimize the path in order to achieve
the predeﬁned objective. The solving strategy makes it possible to get any guess objective functions for the optimality
3244 M.H. Korayem et al. / Applied Mathematical Modelling 36 (2012) 3229–3244solution. Attaining the minimum effort trajectory along with bounding the obtained velocity magnitude is chosen at the
application example. The obtained results illustrate the power and efﬁciency of the method to overcome the highly nonlin-
earity nature of the optimization problem which with other methods, it may be very difﬁcult or impossible. Also, unlike the
ILP based studies [4,11], results obtained in the proposed method satisfy the boundary conditions exactly. Finally, another
simulation is performed to investigate the effect of joint ﬂexibility on the robot characteristics. Based on this application, the
signiﬁcant effect of joint ﬂexibility on the link vibrations has been illustrated.
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